In this paper we have defined a multistep iterative scheme with errors involving a family of asymptotically nonexpansive nonself mappings in Banach spaces. A retraction has been used in the construction of the iteration. We prove here weak and strong convergences of the iteration to common fixed points of the family of asymptotically nonexpansive nonself mappings. We have used several concepts of Banach space geometry. Our results improve and extend some recent results.
Introduction
Let K be a nonempty subset of real normed space E. A self mapping T : K → K is called nonexpansive if Tx − Ty ≤ x − y , for all x, y ∈ K A self mapping T : K → K is called asymptotically nonexpansive if there exists a sequence {k n } ⊂ [1, ∞) with lim n→∞ k n = 1 such that T n x − T n y ≤ k n x − y for all x, y ∈ K and n ≥ 1.
(1.1)
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that T n x − T n y ≤ L x − y for all x, y ∈ K and n ≥ 1.
( 1.2)
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [7] in 1972 as a generalization of the class of nonexpansive self mappings. They proved that if T is a selfmap on K where K is a nonempty closed convex subset of a real uniformly convex Banach space, then T has a fixed point. Fixed point iterative processes for asymptotically nonexpansive self-mappings on convex subsets of Banach spaces have been studied extensively by many authors. Since T remains a self-mapping of a nonempty closed convex subset K of a Banach space E, the well known Mann [11] and Ishikawa [8] iterative processes are well defined. If however the domain K of T is a proper subset of E (and it is the case of several applications) and T maps K into E, then the iteration processes of Mann and Ishikawa and their modifications fail to be well defined. To overcome this problem Chidume et al. [2] introduced the concept of nonself asymptotically nonexpansive mappings in 2003 as a generalization of asymptotically nonexpansive self mappings. A subset K of E is said to be a retract of E if there exists a continuous mapping P : E → K such that Px = x for all x ∈ K. Every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : E → E is said to be a retraction if P 2 = P. It follows that if a map P is a retraction then Py = y for all y in the range of P. The nonself asymptotically nonexpansive mapping is defined as follows:
) Let E be a real normed linear space, K be a nonempty subset of E and P : E → K be the nonexpansive retraction of E onto K. Let T : K → E be a non-self mapping. T is said to be a non-self asymptotically nonexpansive mapping if there exists a sequence {k n } ⊂ [1, ∞) with k n → 1 as n → ∞ such that the following inequality holds:
T (PT ) n−1 x − T (PT ) n−1 y ≤ k n x − y , for all x, y ∈ K and n ≥ 1.
(
1.3)
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that T (PT ) n−1 x − T (PT ) n−1 y ≤ L x − y , for all x, y ∈ K and n ≥ 1.
If T is a self map, then P becomes the identity map so that (1.3) and (1.4) coinside with (1.1) and (1.2) respectively.
Chidume et al. [2] introduced and studied the weak and strong convergences of the following iterative process x 1 ∈ K x n+1 = P((1 − α n )x n + α n T (PT ) n−1 x n ) (1.5)
where {α n } is a appropriate real sequence in [0, 1]. If T is a self map, then P becomes the identity map so that (1.5) reduces to the Mann-type iteration scheme [11] . Then Wang [19] used a similar scheme to prove the weak and strong convergence theorems for a pair of non-self asymptotically nonexpansive mappings which is given by
y n = P((1 − β n )x n + β n T 2 (PT 2 ) n−1 x n ), n ≥ 1.
If T is a self map, then P becomes the identity map so that (1.6) reduces to the Ishikawa-like iteration scheme without errors [9] involving two asymptotically nonexpansive self mappings. After that Chidume and Bashir ali [3] introduced a new iteration process for approximating common fixed points for finite families of nonself asymptotically nonexpansive mappings which is defined as follows:
Very recently Yang [20] introduced and studied a modified multistep iteration for a finite family of nonself asymptotically nonexpensive mappings and discuss their convergences which is defined as follows. For a given x 1 ∈ K and n ≥ 1, compute the iterative sequences {x n }, {y n }, ....., {y n+r−2 } defined by
where {a ni }, {b ni }, {1 − a ni − b ni } are appropriate real sequences in [0, 1] for i ∈ I where I = {1, 2, ....., r}. Motivated by these facts we have introduced and studied a new type of multistep iterative process with errors which is defined as follows: Let E be a normed space, K be a nonempty convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k
Then for a given x 1 ∈ K and n ≥ 1, compute the iterative sequences {x n }, {y n }, ....., {y n+r−2 } defined by
where {a k nj }, {b nj }, {1 − r−j+1 k=1 a k nj − b nj } are appropriate real sequences in [0, 1] for j ∈ I and k ∈ {1, ..., r − j + 1} and {u nj } are bounded sequences in K for j ∈ I. The iterative sequence (1.9) is called the new modified multistep iteration for a finite family of nonself asymptotically nonexpansive mappings. The iterative sequence (1.9) can be written as in the compact form
where j ∈ I and x n+1 = y n+r−1 .
As an illustration, for r = 3, (1.9) reduces to the new modified three-step iteration with errors:
where {a
, 2, 3} and k ∈ {1, ..., 3 − j + 1} and {u nj } are bounded sequences in K for j ∈ {1, 2, 3}. For a k nj = 0 for all j ∈ {1, 2, ...., r−2} and k ∈ {3, 4, ..., r−j+1} and b nj = 0 for all j ∈ I, (1.9) reduces to the iteration (1.8). Again if a k nj = 0 for all j ∈ {1, 2, ...., r − 2, r − 1} and k = {2, 3, 4, ..., r − j + 1} and b nj = 0 for all j ∈ I, then (1.9) reduces to the iteration (1.7). Next we recall the following definitions and results. Let E be a real normed linear space. The modulus of convexity of E is a function
E is called uniformly convex if and only if δ E (ǫ) > 0 for all ǫ ∈ (0, 2]. The norm of E is said to be Frèchet differentiable if for each x ∈ E with x = 1 the limit lim t→0 x+ty − x t exists and is attained uniformly for y with y = 1 and in this case it has been shown that in [18] that
for all x, h ∈ E where J is the Frèchet derivative of the functional . 2 at x ∈ E, < ., . > is the pairing between E and E ⋆ and b is a function defined on [0, ∞) such that lim t→0 b(t) t = 0. A Banach space E is said to satisfy Opial's condition [12] if x n ⇀ x and x = y imply lim sup
A Banach space E is said to satisfy Kadec-Klee property, if for every sequence {x n } ∈ E, x n ⇀ x and x n → x together imply that x n → x as n → ∞. There are uniformly convex Banach spaces which have neither a Frèchet differentiable norm nor satisfy Opial's property but their dual does have the Kadec-Klee property (see [6] , [10] ). CUBO 14, 3 (2012) Lemma 1.1. ( [18] , Lemma1) Let {a n }, {b n } and {δ n } be sequences of nonnegative real numbers satisfying the inequality
(ii) lim n→∞ a n = 0 whenever lim inf n→∞ a n = 0. 
, Lemma1.4) Let E be a uniformly convex Banach space and B r = {x ∈ E : x ≤ r}, r > 0. Then there exist a continuous, strictly increasing and convex function g :
for all x, y, z ∈ B r and all λ, β, γ ∈ [0, 1] with λ + β + γ = 1.
By using Lemma 1.2 and Lemma 1.3 we can easily prove the following Lemma:
Lemma 1.4. Let E be a uniformly convex Banach space and B r = {x ∈ E : x ≤ r}, r > 0. Then there exists a continuous, strictly increasing and convex function g :
for all x i ∈ B r and all λ i ∈ [0, 1] for all i = 1, 2, ..., n with
Proof: The Lemma is true for n = 2 since for n = 2 using Lemma 1.2 we get
where
Also by Lemma 1.3 we see that this Lemma is true for n = 3. Now let the Lemma is true for n = m. Now
By using the above inequality,
Since
Then from Lemma 1.2 we get that
Therefore from above we have
So finally we get that
Hence the Lemma is true for n = m + 1. Thus, by induction, the Lemma is true for all n ≥ 2. This completes the proof of the Lemma.
, Theorem3.4) Let E be a real uniformly Banach space and K be a nonempty closed convex subset of E and T : K → E be asymptotically nonexpansive mapping with a sequence {k n } ⊂ [1, ∞) with lim n→∞ k n = 1. Then I − T is demiclosed at zero, i.e. if {x n } is a sequence in K which converges weakly to x and if the sequence {x n − Tx n } converges strongly to zero, then
) Let E be a real reflexive Banach space such that E ⋆ has the KadecKlee property. Let {x n } be a bounded sequence in E and
) Let E be a uniformly convex Banach space K be a nonempty bounded closed convex subset of E. Then there exists a strictly increasing continuous convex function φ : [0, ∞) → [0, ∞) with φ(0) = 0 such that for any Lipschitzian mapping T : K → E with the Lipschitz constant L ≥ 1 and for any x, y ∈ K and t ∈ [0, 1] the following inequality holds:
The purpose of this paper is to introduce a new modified multi step iteration with errors for approximating common fixed points for finite families of nonself asymptotically nonexpansive mappings. We prove some strong and weak convergence theorems in real uniformly convex Banach spaces. More precisely we prove convergence theorems in a uniformly convex Banach space which satisfy Opial's condition or have Frèchet differentiable norm or whose duals have the Kadec-Klee property. Our results generalize some recent results.
Main Results
We begin this section with the following lemmas.
Lemma 2.1. Let E be a real normed space and K be a nonempty subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k
where σ 1 n = b nr M. By the given condition we get that ∞ n=1 σ 1 n < ∞. Also from (1.9) and (2.1) we have
where σ (1.9) and (2.2) we have
By the given condition we get that ∞ n=1 σ 3 n < ∞. In general after (j + 1) steps we get
for j = 0, 1, ..., r − 2 and {σ j+1 n } is a nonnegative real sequence such that ∞ n=1 σ j+1 n < ∞ for j = 0, 1, ..., r − 2. Therefore it follows from (1.9) and (2.4) that
where {σ r n } is a nonnegative real sequence such that
Thus by Lemma 1.1 we get lim n→∞ x n −q exists for all q ∈ F. ♦ Lemma 2.2. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k Proof: Let q ∈ F. By Lemma 2.1 we have that lim n→∞ x n − q exists for all q ∈ F. So {x n − q} is bounded in K. Since {k n } and {σ j+1 n } are bounded so it follows from (2.4) that {y n+j − q} are bounded for j = 0, 1, ..., r − 2. Since T j is a nonself asymptotically nonexpansive mapping, we have
.., r−1. Therefore the sequences {T j (PT j ) n−1 y n+r−j−1 −q} are bounded for j = 1, ..., r−1.
Therefore there exists D > 0 such that K ⊆ B D . From (1.9) and Lemma 1.3 we get 
Proceeding in this way we have
for j = 1, 2, ..., r − 2 and {µ (j+1) n } is a nonnegative real sequence such that
we get
where {µ r n } is a nonnegative real sequence such that
Therefore from (2.9) we get
From (2.10) we get
and 
This implies that
which further implies that lim n→∞ g 1 ( T r (PT r ) n−1 x n − x n ) = 0. Since g 1 is strictly increasing and continuous with g 1 (0) = 0, so lim n→∞ T r (PT r ) n−1 x n − x n = 0. Similarly from (2.12)
using the fact that g r−j+1 is strictly increasing and continuous with g r−j+1 (0) = 0 we get lim n→∞ T j (PT j ) n−1 y n+r−j−1 − x n = 0 for j = 1, 2, ....., r − 1. ♦ Lemma 2.3. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k
Proof: By Lemma 2.2 we get lim n→∞ T r (PT r ) n−1 x n − x n = 0 and
Since P is nonexpansive mapping so from (1.9) together with (2.13) we have
Since T r−1 is nonself asymptotically nonexpansive mapping, from (2.13) and (2.14) we get
Again from (1.9), (2.13) and (2.15) it follows that
From (2.16) and (2.13) we have that
Also from (2.17) and (2.14) we have that
Continuing in this way we have that
Again from (1.9), (2.13), (2.17) and (2.18) it follows that
From (2.20) and (2.13) we have that
Thus from (2.21) and (2.14) it follows that
Continuing in this way after a finite steps we have that
From (1.9), (2.22) we have that
Since every nonself asymptotically nonexpansive mapping uniformly L-Lipschitzian, so from (2.22) and (2.23) we get
Now from (2.22) and (2.24) it follows that
Thus we have that lim n→∞ x n − T i x n = 0 for i ∈ I.♦ Lemma 2.4. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E which has a Frèchet differentiable norm. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k
Proof: Since E has Frèchet differentiable norm, taking x = p 1 − p 2 with p 1 = p 2 and h = t(x n − p 1 ) in the inequality (1.11) we get that
Again p 1 ∈ F, so by Lemma 2.1 we have that lim n→∞ x n − p 1 exists. Let sup{ x n − p 1 : n ∈ N} ≤ M ′ for some M ′ > 0. Thus from (2.25) we get
In particular lim n→∞ < p − q, J(p 1 − p 2 ) >= 0 for all p, q ∈ w w (x n ).
Lemma 2.5. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k Proof: Let d n (t) = tx n + (1 − t)p 1 − p 2 for all t ∈ [0, 1] and p 1 , p 2 ∈ F. Then lim n→∞ d n (0) = p 1 − p 2 exists and lim n→∞ d n (1) = x n − p 2 exists by Lemma 2.1. Define Q n : K → E by
for all x ∈ K. Thus for all x, z ∈ K
Proceeding in this way we get
where H nmr = ( n+m−1 j=n k r j ) for n ≥ 1, S n,m x n = x n+m and S n,m p = p for all p ∈ F. From the facts ∞ n=1 (k n −1) < ∞ and 0 ≤ t r −1 ≤ rt r−1 (t−1) for all t ≥ 1 we have that ∞ n=1 (k r n −1) < ∞ which in turn implies that H nmr → 1 as n, m → ∞. Also we have that S n,m is Lipschitzian with the lipschitz constant H nmr . By Lemma 1.7 we have
It then follows from Lemma 2.1 that the sequence {b n,m } converges uniformly to 0 as n → ∞ for all m ≥ 1. Thus from above we get lim sup
This completes the proof.
Theorem 1. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k
Assume that any one of the following conditions holds: (1)E satisfies Opial's property (2)E has a Frechet differentiable norm (3)E ⋆ has the Kadec-Klee property then {x n } converges weakly to some common fixed point of {T i }, i ∈ I.
Proof: Since F = ∅, so let q ∈ F. Then by Lemma 2.1 lim n→∞ x n − q exists and so {x n } is bounded. Since E be a uniformly convex Banach space so {x n } has a subsequence {x n j } which is weakly convergent to p ∈ K (say). From Lemma 2.3 we get lim n→∞ x n − T i x n = 0 for i ∈ I. By Lemma 1.5 we have T i is demiclosed at 0 so p ∈ F(T i ) for all i ∈ I. Then p ∈ F. If possible let {x n } has another subsequence {x n k } which converges weakly to another point q ∈ K. Then by similar CUBO 14, 3 (2012) argument as above we have that q ∈ F(T ). Let (1) hold. Then by Opial's property we have
Let (2) hold. Then from Lemma 2.4 we get lim n→∞ < p − q, J(p 1 − p 2 ) >= 0 for all p, q ∈ w w (x n ) and p 1 , p 2 ∈ F. Since p, q ∈ F also so from above we get < p − q, J(p − q) >= 0, that is, p − q 2 = 0 which implies that p = q.
Let (3) hold. Then from Lemma 2.5 we get lim n→∞ tx n + (1 − t)p − q exists, so by Lemma 1.6 we have that p = q. So {x n } converges weakly to some common fixed point of {T i }, i ∈ I. This completes the proof of the Theorem. Furthermore Condition(C) and Condition(B) are equivalent. Tan and Xu [18] pointed out that the Condition(A) is weaker than the compactness of K. It is well known that every continuous and demicompact mapping must satisfy Condition(A) [14] . Since every completely continuous mapping is continuous and demicompact so it must satisfy Condition(A). Also Condition(B) contains Condition(A) therefore to study the strong convergence of the iterative sequence {x n } be defined by (1.9) we use Condition(B) instead of the complete continuity of the mappings {T 1 , T 2 , ...., T r } and Condition(A).
Theorem 2. Let E be a uniformly convex Banach space and K be a nonempty closed convex subset of E which is also a nonexpansive retract of E. Let T i : K → E(i ∈ I = {1, 2, ..., r}) be given nonself asymptotically nonexpansive mappings with sequences {k If the family of mappings {T 1 , T 2 , ...., T r } satisfy Condition(B), then {x n } converges strongly to some common fixed point of {T 1 , T 2 , ...., T r }.
Proof: Let q ∈ F then by Lemma 2.1 lim n→∞ x n − q exists. Let lim n→∞ x n − q = a, for some a ≥ 0. Let a > 0. Now from (2.5) we get 
